A simple proof of a theorem of Jean Bourgain* 



by G. Pisier 

Abstract. We give a simple proof of Bourgain's disc algebra version of Grothendieck's 
theorem, i.e. that every operator on the disc algebra with values in L\ or L2 is 2-absolutely 
summing and hence extends to an operator defined on the whole of C . This implies 
Bourgain's result that Li/H 1 is of cotype 2. We also prove more generally that L r /H r is 
of cotype 2 for < r < 1. 



* Supported in part by N.S.F. grant DMS 9003550 
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In this note, we give a very simple proof (compared to the preceding known proofs) 
of Bourgain's version of Grothendieck's theorem for the disc algebra. As far as we know, 
the currently known proofs are essentially the original one in [Bl], the simpler one in [BD], 
and several new proofs given recently by Kisliakov, in [K1,K2]. 

We first recall the definition of a (/-absolutely summing (in short (/-summing) operator 
for 1 < q < oo. Let u : X — > Y be an operator between two Banach spaces. We say that u 
is (/-summing if there is a constant C such that for all finite sequences xi, x%, .., x n in X, 
we have 

(J2 \Hxi)\\ q ) 1/9 < Csup{(^ \x*(xi)\ 9 ) 1/9 \ x* G X\ \\x*\\ < 1}. 

We denote by ir q (u) the smallest possible constant C. Let us denote by A the disc algebra. 
Then if u : A — > Y is (/-summing, by Pietsch's factorisation theorem, there is a probability 
measure A on the unit circle such that 

V/GA \\u(f)\\<n q (u)( J l/I^A) 1 ^. 

We refer e.g. to [PI] for more information on this notion. 
We will prove 

Bourgain's Theorem: There is a constant K such that any bounded operator u : A — > £ 2 
is 2-summing and satisfies: 

112(11) < K\\u\\. 

Also, u extends to a bounded operator u : C(T) — > £2 such that 

\\u\\ < K\\u\\. 

Moreover, the same result holds for all operators u : A — > Y if Y = £1, or more generally, 
whenever Y is a Banach space of cotype 2. 

Let us recall here the definitions of the K t and J t functionals which are fundamental 
in the real interpolation method. Let Aq, A\ be a compatible couple of Banach (or quasi- 
Banach) spaces. For all x G A + Ai and for all t > 0, we let 

K t (x,Ao,Ai) = inf (||xo||a +*lki|Ui | x = x + xi, x G A ,xi G A\). 
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For all x G A n A x and for all t > 0, we let 



Jt(x, A , Ai) = max(||xo||A »*lki|Ui)- 



Recall that the (real interpolation) space (Ao,Ai)o tP is defined as the space of all x in 
Aq + A\ such that H^H^p < oo where 



We refer to [BeL] for more details. 

Let T be the circle group equipped with its normalized Haar measure m. Let 1 < p < 
oo. When B is a Banach space we denote by L p (B) the usual space of Bochner-p-integrable 
£?-valued functions on (T, m), so that when p < oo, L p ® B is dense in L p (B). We denote 
by H P (B) the subspace of L P (B) formed by all the functions / such that their Fourier 
transform vanishes on the negative integers. When B is one dimensional, we write H p 
instead of H P (B). When < p < 1, we define H p as the closure in L p of the linear span 
of the functions {e tnt \ n > 0}. We refer to [G,GR] for basic information on IP-spaces. 

The next proposition although very simple is the key new ingredient in our proof. We 
refer to [P2] for more applications of the same idea to the interpolation spaces between 
H p spaces. 

Proposition 1: Let 1 < p < q < oo. Consider a compatible couple of Banach spaces 
(A , Ai), the following are equivalent: 
(i) There is a constant C such that 



V/ G H p (A ) + Hi(A 1 ), Vt > 0, K t (f, H p (A ), H^(A 1 )) < CK t (f, L P (A ), L^A,)). 




(ii) There is a constant C such that 



V/ € [L p (A )/H p (A )] n [L q (A 1 )/H q (A 1 )], W > 0, 3/ e L P (A ) n L q (A 1 ) 



representing the equivalence class of / and satisfying 



J t (f,L p (A ),L q (A 1 )) < CJ t (f,L p (A )/H p (A ),Li(A 1 )/Hi(A 1 )). 
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(Hi) There is a constant C such that 

V/ G [L P (A )/H P (A )} n [L q (Ai)/H q (A 1 )], 3/ G L^(A ) n L^i) 
representing the equivalence class of / and satisfying 

II/ II LP (A ) <C\\f\\ L P( Ao )/HP(A ) and ||/||l«(Ai) < C\\f\\Li(A 1 )/Hi(A 1 )- 

In the above statement we regard the spaces L P (A )/ H P (A ) and L q (Ai) / 'H q (A{) 
as included via the Fourier transform / — > (/(— 1), /(— 2), /(— 3), ...) in the space of all 
sequences in Aq + A\. In this way, we may view these quotient spaces as forming a com- 
patible couple for interpolation. (For the subspaces H p (Aq), H q (Ai), there is no problem, 
we may clearly consider them as a compatible couple in the obvious way.) 
Proof: For brievity, we will denote simply L p /H P (A ) instead of L p (Aq) / H p (Aq) , we will 
also write L P ,H P ,.. instead of L p (Aq) , H p (Aq)...iyo confusion should arise. The proof is 
routine. We only indicate the argument for (i) =>- (ii) =>- (Hi) which is the one we use 
below. 

Assume (i). Let / be as above such that J t (f, L P /H P (A Q ), LV^lA)) < 1 - Th en let 
g p £ L P (A ) and g q G L q (Ai) be such that 

\\g P \\L* < 1, \\g q \W <t~\ f = g p + H p (A ), f = g q + H q (A 1 ). 

Therefore, g p — g q must be in H p + H q and 

K t (g p -g q ,L p (A ),L q (A 1 )) < \\g p \\ LP + t\\g q \\ Lq < 2. 

By (i), we have K t (g p -g q , H p , H q ) < 2C', hence there are h p G H P (A ) and h q G H q (A x ) 
such that g p —g q = h p —h q and ||/i p ||HP+t||/i 9 ||ff<j < 2C . Now if we let / = g p —h p = g q — h q , 
then we find that / G L P (A ) n L q (Ai), f = f + H P (A ) in the space L P /H P (A ) and 
/ = / + H q (Ai) in the space ^/^(A^ and moreover 

Jt(f\L p ,L q ) < max(||/|| L p,t||/|| L ,) < 1 + 2C". 

By homogeneity this completes the proof of (i) =^ (ii) with C < 1 + 2C . To check 
(U) =>. (in), simply write (ii) with t = (||/||lp/hp(a ))-(II/IIl«/h«(>Ii))~ 1 - 
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Remark : It is well known that the Hilbert transform is a bounded operator on all the 
(so-called mixed norm) spaces of the form L p (£ q ) for all 1 < p, q < oo. (Apparently this 
goes back to [BB]. We refer to [GR] for more information and references). Therefore, 
the orthogonal projection from L 2 (£ 2 ) onto H 2 (£ 2 ) is bounded simultaneously on all the 
spaces L p (£ q ) for 1 < p, q < oo. It follows immediately that if 1 < po,pi, qo, qi < oo there 
is a constant C such that V/ G # Po (£ qo ) + H Pl V* > 0, 

K t (f,H po (e qo ),H pi (e qi )) < c'K t (f,L po (e qo ),L pi (e qi )). 

Proposition 2: There is a constant C such that for all t > and all / G H 1 ^) + H 1 (£ 2 ) 
we have 

K^H^H 1 ^)) < CKtif.L^L 1 ^)). 

For the proof of Prop. 2, we will use the 
Sublemma: 

H\£ 4/3 ) C (^ 1 (£ 1 ),^ 1 (£ 2 )) lAoo , 
and the inclusion is bounded with norm less than a constant K. 

Proof: Take a function / = (f n ) in the unit ball of H 1 ^^/^) and factor it as / = (g n h n ) 
with g = (g n ) in the unit ball of H 2 (£ 2 ) and h = (h n ) in the unit ball of H 2 (£4). This is 
easy to do by factoring out the Blaschke product of each component f n and raising the 
factor without zero to the appropriate power. (More precisely, write f n = B n F n where B n 
is a Blaschke product and where F n does not have zeros in D, let F be an outer function 
such that we have \F\ = (Y^ |-^n| 4 ^ 3 ) 3 ^ 4 on the unit circle, then let 

9n = B n (F n /F)V*FW and h n = (FJF^F 1 / 2 . 

This factorisation has the properties claimed for g and h.) 

Recall the inclusion (which obviously follows from the above remark) 

H 2 (£ 2 ) = (H 2 (£ 4/3 ),H 2 (£ 4 )) 1/2 c (H 2 (£ 4/3 ),H 2 (£,)) 1/2 ^. 

Then, by interpolation, since the operator of coordinatewise multiplication by h = (h n ) 
maps H 2 (£ 4 / 3 ) into H 1 ^) and H 2 (£ 4 ) into H 1 ^), we obtain the announced inclusion, 
q.e.d. 
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Proof of Prop. 2: Consider / = (f n ) e H 1 ^) + H l {£ 2 ) such that 



(1) K t (f,L 1 (e 1 ),L 1 (£ 2 ))<l. 

By classical factorisation theory, each f n can be factored as f n = B n F n where B n is a 
Blaschke product and where F n does not have zeros in D so that the analytic function (F n ) p 
makes sense for any p > 0. (Alternatively, we could use the inner-outer factorisation in- 
stead.) Let us simply denote by F 1 / 2 the sequence of analytic functions F 1 / 2 = (-F n )n>i- 
Note that any assumption of the form (1) depends only on the values of each \f n \ on the 
boundary. Now, on the boundary we have \f n \ 1 ^ 2 = l-^nl 1 ^ 2 , so that (1) implies obviously 

(2) K tl/2 (F l / 2 ,L 2 (e 2 ),L 2 (£ 4 ))<2 1 / 2 . 
Therefore, by the above Remark, 

K tl/2 (F 1 / 2 ,H 2 (£ 2 ),H 2 (£ 4 ))<2 l / 2 C, 

where C is a numerical (absolute) constant. Hence, there is a decomposition F 1 ! 2 = go+gi 
with 

(3) \\9o\\H2(e 2 ) +t 1/2 \\gi\\H2(e 4 ) < 2 1/2 C. 

Let us now return to / = (f n ) = (B n (go n + gi n ) 2 )- Let us simply denote by g$gi the 
sequence ((7o n fi , in)n>i?similarly, we also denote by go 2 and gi 2 the sequences of squares. 
Observe that by (3) and by Holder, we have 

II<7o<7i||hi(£ 4/3 ) < 2C 2 t" 1 / 2 , 

which implies by the sublemma 

t- 1 / 2 K t (g g 1 ,H 1 (£ 1 ),H 1 (£ 2 )) < 2C 2 Kt~ 1 / 2 . 

After simplification 

K t (g g 1 ,H\£ 1 ),H 1 (£ 2 )) <2C 2 K. 
6 



On the other hand we have clearly by (3) 

K t (g 2 + si 2 , H\e 1 ),H 1 (£ 2 )) < 2C 2 + 2C 2 = AC 2 . 

Therefore, we conclude by the triangle inequality (and the fact that Blaschke products 
are of unit norm in H°°)) 

K t (f, H 1 (£ 1 ),H 1 (£ 2 )) < K t (g 2 + 9l 2 , H\h), H\i 2 )) + K t (2g o9l , H 1 (£ 1 ), H\l 2 )) 

< AC 2 + AC 2 K. 
By homogeneity, this completes the proof, q.e.d. 

Corollary: There is a constant C such that for all 1 < p < 2 and all / G L 1 /i? 1 (£ p ) we 
have 



( 4 ) II/IUVH1(^) < C\\f\\ L i /H i {i2 y\\f\\ Ll/Hl{ei) 

where l/p = 6/2 + (1 - 0)/l. 

Proof: By Prop. 2 and Prop. 1, there is a constant C such that every / e L 1 /if 1 (£ 1 ) 
admits a lifting / e such that we have simultaneously 

Li^ 2 ) < CII/IUv^M^)- 

Then (4) is an immediate consequence of Holder's inequality, q.e.d. 

The preceding corollary implies immediately 
Proposition 3: There is a constant C such that, for all Banach spaces Y, for all 2 < q < oo 
and all 2-summing operator u : A — > Y, we have 

(5) 7r,(u) < Ctts^^HwII 1 - 6 , 



where l/q = 9/2 + (1 - 0)/oo. 
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Proof: We first claim that for any n > 1 and for any x±, X2,---,x n in A, we have 

n 

i 

where A < Crt}l q . Indeed, let us denote by A(g,n) the best constant in this inequality. 
Assume w.l.o.g. that u is the adjoint of an operator v : Y* — > L 1 / H 1 . Let p = q' . By 
duality, we find 

X(q,n) = sup{||(u(yi))|| L i/Hi ( /„)} 

where the sup runs over all n-tuples (yi) in Y such that sup||?/i|| < 1. Therefore, (4) 
immediately yields X(q,n) < CA(2, n) 9 X(oo, n) 1-6 < C{n 1 / 2 TT2{u)) e {n\\u\\) 1 ~ e , hence 

(6) X(q,n) < CnVi'irzWWuW 1 - . 

For simplicity, let B = C7r 2 (w) 6l ||w|| 1_e . By (6), we have for any x±, X2,---,x n in A, 

n 

(7) IMOII <s|lE|x^)^|U. 

i 

Now let us rewrite (7) for a sequence composed of xi/(ki) 1 / q repeated /ci-times,^/^) 1 ^ 
repeated fo-times, etc.. We obtain 

(E fe *)" 1/, 'E fc * 1/, 'H a; *)ii<5ii(x;kii , ) 1/9 iioo. 

Clearly, since the sequences of the form ((Xl^) -1 ^) are obviously dense in the set of all 
sequences (aij) such that ^ctj = 1, we obtain 

Taking the supremum over all such (cti), we finally obtain the announced result (5). q.e.d. 

We now recall a classical inequality due to Khintchine, concerning the Rademacher 
functions r±, r2, r n , .. defined on the Lebesgue interval. For every q > 2, there is a 
constant _B g such that for all finite sequences of scalars (a*), we have 

(/iE a * r *i a *) 1/9 ^ s «(Ei a *i 2 ) 1/2 - 
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The following is a known result of Maurey [M] . 
Proposition 4: Let X be any Banach space. Let Y be a Banach space of cotype 2, i.e. 
such that there is a constant C 2 satisfying, for all n and for all n-tuples y±, j/ 2 , .., y n m Y, 

(Eii^ii 2 ) 1/2 <^(/iiE^ii 2 ^) 1/2 - 

Then, for every q > 2, every q— summing operator u : X — > Y - is actually 2-summing, and 
moreover 

7r 2 (w) < B q C 2 ir q (u). 

Proof: Let £i,£ 2 , • be a finite subset of X such that ^ \ x *( x i)\ 2 < 1 f° r au m the 
unit ball of X*. Then, by the above Khintchine Inequality, we have for all x* in the unit 
ball of X*, 

(J l$> X^X^dtf^KBq. 

Hence, by the definition of K q {u) (note that the integral below is actually an average over 
2 n choices of signs), 

(/ \\J2 r M^)\\ q dt) 1/q <n q (u)B q . 
Hence, by the definition of the cotype 2, 

(J2h(xM 2 ) 1/2 <C 2 B q n q (u). 

By homogeneity, this proves Proposition 4. q.e.d. 

We can now complete the 
Proof of Bourgain's Theorem: We use the same general line of attack as Bourgain. 
This approach is based on an extrapolation trick which originates in the work of Maurey 
[M] and has been used several times before Bourgain's work (especially by the author) to 
prove various extensions of Grothendieck's Theorem. (The latter theorem corresponds to 
the case A = C, Y = t\ in the above statement, see [PI] .) In this approach, the crucial 
point reduces to showing (5). Indeed, assuming (5), it is easy to conclude: By Prop. 4, we 
have 7r 2 (w) < C2B q Tc q (u), hence by (4), 7r 2 (w) < CC 2 I? g 7r 2 ('u)' 9 .||'u|| 1 ~' 9 hence if we assume 
a priori that 7r 2 (w) is finite, we obtain 

(8) n 2 (u) < (CC2B q ) 1 / 1 - 9 \\ul 
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which establishes the announced result in the case of a 2-summing operator. Hence in 
particular (8) holds if u is of finite rank, so that we can easily conclude, since A has the 
Metric Approximation Property, that it actually holds for arbitrary operators. Finally, the 
last assertion follows from a well known factorisation property of 2-summing operators, due 
to Pietsch, cf. e.g. [PI], chapter 1. q.e.d. 

Remark 5: There is also a slightly different way to prove (8). One can use a simple 
interpolation argument to prove that for any n > 1 and for any xi, X2,---,x n in A, we have 

\\( u ( x ^))h q , 00 (y) ^ ^IK^OIUoo^.oc)' 

where B is as above. Then, we may apply this replacing xi, X2,...,x n by the 2 n -tuple formed 
by the 2 n choices of signs Yl, r i{t) x i- After normalisation by a factor 2~ n / g , we obtain 

WC^nuix^W^^dt.Y) < B\\^2riXi\\ Lao{Lqiao{dt) ). 

But then, we observe that Khintchine's inequality implies a fortiori the equivalence of 
\\J2 r iXi\\ Loo (L q}00 (dt)) with IIO^IUoo^)- This immediately leads to (8) by the same argu- 
ment as above. 

Remark 6: As is well known, it follows by standard arguments from Bourgain's theorem 
as stated above that Li/H 1 is a cotype 2 space. This can be derived as in [Bl] from a result 
of Wojtaszczyk which ensures that Li/H 1 is isomorphic to L 1 /i? 1 (£ 1 ). Alternately, if one 
wishes to avoid the use of the latter result, one can observe that our proof of Bourgain's 
Theorem is valid with essentially the same proof with Li/H 1 ^) instead of Li/H 1 . 

Actually, we can generalize Bourgain's theorem as follows: 
Theorem 7: Let < r < 1. Then any operator u : c — > L r /H r is 2-summing. Moreover, 
there is a constant C r such that every operator u : cq — > L r /H r is 2-summing and satisfies 
Tt2{u) < C r 1 1 ix 1 1 - Finally, L r /H r is of cotype 2 . 

Proof: We only sketch the argument. (It might very well be that this result follows from 
the other proofs, however it seems to have passed unnoticed so far.) Consider an operator 
u : i^o — > L r /H r . We will show that there is a constant C r independent of n such that, 

(9) Vm Vxi,x 2 ,...,x m G -C; \\( u ( x i))\\L r /H-(£^) < C r \\u\\\\(xi)\\ e ^ {eT) . 
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We argue similarly as above, but in a dual setting. Let r < p < oo. We denote by C p (u) 
the smallest constant C such that 

Vm Vx 1 ,X2,...,x m e£% , \\(u(xi))\\ Lr / Hr (tp) < C^x^W^^y 

Obviously, we have C r (it) = ||u||. Choose p such that r < 1 < p < 2. Let be such that 
1/p = (1 — 9)/r + 6/2. A simple adaptation of Proposition 1 and 2 yields a simultaneous 
"good" lifting for the couple L r /H r (£ r ),L r /H r (£ 2 ), and the corresponding extension of 
(4). It follows that we have for some constant C (independent of to) 

\\{u{xi))\\ Lr / H -{t^) < C , C 2 (u) e \\u\\ 1 - m 1/p sup \\xi\\ e ^. 
As a consequence, if B' = C'C 2 {u) e \\u\\ l ~ e , we have 

(!0) \\{u{xi))\\ Lr/ Hr{i^) < B'\\(xi)\\ e ™ rie%) . 

It is easy to check that for some constant C" (independent of to or n) we have, 

||(^)||^ r (^)<C"TO 1 ^- 1 /2||( ;ri )||^ fe) 

so that (10) gives after normalisation (here L™ denotes the L p -space relative to {1, 2..., m} 
equipped with the uniform probability measure) 

(11) \\(u(x t ))\\L r /H^L-) < B'C"\\(x t )\\L T (^). 

Let K = B'C" . Now we take to = 2 fc , we replace (xi) by the 2 k "choices of signs" 
x t = ^iTi(t)xi and we use the dualisation of Khintchine's inequality in L p which says 
that, if p > 1, the quotient of L p by the orthogonal of the Rademacher functions can 
be identified with l 2 . If we simply denote by Q(n) the quotient space of L 2 (£^ ) by the 
subspace of all functions "orthogonal" to the Rademacher functions ( i.e. which have a 
zero integral against any Rademacher function), we can deduce from (11) 



(12) 



H(wOzi))llL r /Jf(£*) < K\\(xi)\\Q {n) . 
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But on the other hand by a known reformulation of Grothendieck's theorem (see [PI], 
corollary 6.7, p. 77), we have 



(13) 



\\(xi)\\q(u) < K'Wix^W^k) 



where K' 



is a numerical constant. Therefore, (12) implies 



C 2 {u) < KK'. 



Recalling the value of K and 



we conclude that 



C 2 {u) < K'C"C'C 2 (uy\\u 




so that we again conclude by "extrapolation" that C 2 (u) < K"\\u\\ for some constant K" 
depending only on r. Combining (12) and (13) with this last estimate, we obtain the 
announced result (9) with C r = KC'C" . Since there is obviously a norm one inclusion 
of L r /H r (£ 2 ri ) into £ 2 ri (L r /H r ) : we have n 2 (u) < C 2 (u) < C r \\u\\, and this completes the 
proof for X = (with a constant C r bounded independently of n). By density, this 
is enough to prove the case of an operator defined on cq. Finally, the cotype 2 property 
can be proved as indicated in Remark 6, by observing that the first part of Theorem 7 
remains valid with L r /H r (l r ) (or equivalently l r (L r /H r ) ) in the place of L r /H r . We 
then follow a standard argument, given elements x±, x 2 , .., x n G L r /H r , we consider the 
operator u : i 1 ^ — > L r (L r /H r ) defined by u(ai, a 2 , a n ) = J2 a i r i x ii where r±,r 2 , ...,r n 
are the Rademacher functions as before. We have 



(14) 




but it is well known that there is a constant B r , depending only on r such that 




therefore, (14) implies that L r /H r is a cotype 2 space, q.e.d. 
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Final Remarks: 

1) As a corollary, one obtains that every rank n operator on A extends to the whole 
of C(T) with norm at most CLogn for some constant C. This follows from Bourgain's 
theorem and a previous result of Mityagin and Pelczyhski, see [Bl] for the deduction. 

2) The preceding argument shows that 

(15) H°°(e Pt00 ) = (H 00 (£ 1 ), #°°(4o))0,oo 

where 1/p = 1 — 0, < 6 < 1. But this kind of result is not really new. It can be 
derived from the remarks on interpolation spaces included in [Bl] using a rather simple 
factorisation argument, such as for instance the one used for Theorem 2.7 in [HP]. More 
results along this line have been obtained by Xu [X] . In [P2] , we will give a more systematic 
treatment of results such as (15), in more general cases for the real interpolation method 
with arbitrary parameters. 

3) We should mention that while Kisliakov's recent proof of Bourgain's theorem seems 
more complicated than the above, it also yields more information (on the so-called (p, q)- 
summing operators) which do not follow from our approach, cf.[K2,K3]. Moreover, al- 
though the above argument applies also for an operator defined on H°° and with values in 
a cotype 2 space Y with the Bounded Approximation Property, it is a well known draw- 
back of the "extrapolation method" that it does not apply to the case of a linear operator 
from H°° into its dual, although that case was settled in [B2]. 

References 

[BeL] J. Bergh and J. Lofstrom, Interpolation spaces, An introduction, Springer Verlag 1976. 
[BB] R. P. Boas and S. Bochner, On a theorem of Marcel Riesz for Fourier series. J. London 

Math. Soc. 14(1939) 62-73. 
[Bl] J. Bourgain, New Banach space properties of the disc algebra and H°°, Acta Math. 
152 (1984) 1-48. 

[B2] J. Bourgain, Bilinear forms on H°° and bounded bianalytic functions. Trans. Amer. 

Math. Soc. 286 (1984) 313-337. 
[BD] J. Bourgain and W. J. Davis, Martingale transforms and complex uniform convexity. 

Trans. Amer. Math. Soc. 294 (1986) 501-515. 

13 



[G] J.Garnett, Bounded Analytic Functions. Academic Press 1981. 
[GR] J. Garcia- Cuerva and J. L. Rubio de Francia. Weighted norm inequalities and related 

topics. North Holland, 1985. 
[HP] U. Haagerup and G. Pisier, Factorization of analytic functions with values in non- 
commutative Li-spaces and applications. Canadian J. Math. 41 (1989) 882-906. 
[Kl] S.V.Kisliakov, Truncating functions in weighted H p and two theorems of J.Bourgain. 

Preprint, Uppsala University, May 1989. 
[K2] S.V.Kisliakov, (q, p)-summing operators on the disc algebra and a weighted estimate 

for certain outer functions. Lomi preprint. Leningrad, 1989. 
[K3] S.V.Kisliakov, Extension of (q, p)-summing operators defined on the disc algebra, with 

an appendix on Bourgain's analytic projection. Preprint. 1990. 
[M] B. Maurey, Theoremes de factorisation pour les operateurs a valeurs LP . Aster isque, 

Soc. Math. France. 11 (1974) 
[PI] G. Pisier, Factorization of linear operators and geometry of Banach spaces. Amer. 

Math. Soc. CBMS 60. 1986. 
[P2] G. Pisier, Interpolation between H p spaces and non-commutative generalizations. To 

appear. 

[X] Quanhua Xu, Real interpolation of some Banach lattices valued Hardy spaces. Pre- 
print. Pub. IRMA, Lille. 1990.vol. 20 n° 8. 

Texas A. and M. University 
College Station, TX 77843, U.S.A. 
and 

Universite Paris 6 

Equipe d'Analyse, Boite 186, 

75230 Paris Cedex 05, France 



14 



